We show that the universal α-attractor models of inflation can be realized by including an auxiliary vector field Aµ for the Starobinsky model with the Lagrangian f (R) = R + R 2 /(6M 2 ). If the same procedure is applied to general modified f (R) theories in which the Ricci scalar R is replaced by R+AµA µ +β∇µA µ with constant β, we obtain the Brans-Dicke theory with a scalar potential and the Brans-Dicke parameter ωBD = β 2 /4. We also place observational constraints on inflationary models based on auxiliary vector modified f (R) theories from the latest Planck measurements of the Cosmic Microwave Background (CMB) anisotropies in both temperature and polarization. In the modified Starobinsky model, we find that the parameter β is constrained to be β < 25 (68 % confidence level) from the bounds of the scalar spectral index and the tensor-to-scalar ratio.
I. INTRODUCTION
The inflationary paradigm [1, 2] has been the backbone of high energy cosmology over the past three decades. For the realization of inflation, we require the existence of at least one additional degree of freedom to the EinsteinHilbert action. A canonical scalar field with a nearly flat potential can play such a role [3, 4] . In modified gravitational theories, a scalar degree of freedom generally emerges as a result of the breaking of gauge symmetries present in General Relativity [5] [6] [7] [8] .
The first model of inflation, which was proposed by Starobinsky in 1979 [1] , is based on the modification of gravity with the Lagrangian f (R) = R + R 2 /(6M 2 ), where R is the Ricci scalar and M is a constant having a dimension of mass. In general, the f (R) gravity is equivalent to the Brans-Dicke (BD) theory [9] with the BD parameter ω BD = 0 [10] . The propagation of a scalar degree of freedom in f (R) gravity is particularly transparent in the Einstein frame where a canonical scalar field φ evolves along a potential of gravitational origin [11] .
The Starobinsky model gives rise to the Einstein-frame potential with a nearly flat region responsible for inflation [6, 12] . In this model the scalar spectral index n s and the tensor-to-scalar ratio r of primordial density perturbations generated during inflation are given, respectively, by n s ≃ 1 − 2/N and r ≃ 12/N 2 , where N is the number of e-foldings on scales relevant to the CMB temperature anisotropies [13] [14] [15] . The Starobinsky model is consistent with the recent joint analysis of the Planck temperature data [16] and the B-mode polarization data from BICEP2/Keck array with the Planck maps at higher frequencies [17] . The tensor-to-scalar ratio is constrained to be r < 0.08 at 95 % confidence level (CL) from such a joint analysis. The large-field models like chaotic inflation and natural inflation are now in tension with the CMB data [18] .
Recently, there have been numerous attempts to embed the Starobinsky model in the framework of supergravity [19] - [29] or ghost-free higher-derivative gravitational theories [30, 31] . The bottom line is how to build up the Einstein-frame potential similar to the form
18 GeV is the reduced Planck mass. In a particular version of supergravity where the inflaton is a part of a vector multiplet it is possible to construct a generalized potential of the form
, where the parameter α is inversely proportional to the curvature of the inflaton Kähler manifold [22] . This was dubbed the α-attractor model in which the inflationary period is followed by the reheating stage with the inflaton oscillations around φ = 0.
In the limit α → ∞ the potential of the α-attractor model is approximately given by V (φ) ∝ φ 2 , so it is equivalent to that of the quadratic potential in chaotic inflation [4] . For 1 ≤ α < ∞ the tensor-to-scalar ratio is in the range O(10 −3 ) < r < O(10 −1 ), with n s inside the 95 % CL observational contour constrained by the Planck data [18, 32, 33] . In Ref. [34] the authors derived the same potential as that of the α-attractor model by generalizing the Starobinsky model in the framework of the BD theory and they placed observational constraints on the model from the WMAP 7yr data.
In this paper we show that the α-attractor model arises by introducing an auxiliary vector field A µ and replacing the Ricci scalar R with R + A µ A µ + β∇ µ A µ in the Starobinsky Lagrangian, where ∇ µ is the covariant derivative. This procedure can be extended to the general f (R) Lagrangian. The resulting theory is equivalent to the BD theory characterized by the BD parameter ω BD = β 2 /4 with one scalar propagating degree of freedom.
In light of the recent release of the Planck temperature and polarization data, we also put observational constraints on inflationary models in the framework of auxil-iary vector modified f (R) theories. Our analysis not only encompasses the α-attractor model but also the models derived by promoting the Lagrangian f (R) = R + cR n (n > 1) to include the auxiliary vector field. This can accommodate a wider class of inflationary models including chaotic inflation with the potential V (φ) ∝ φ n/(n−1) . This paper is organized as follows. In Sec. II we review the Starobinsky model and its dual description in terms of a scalar degree of freedom φ. In Sec. III we show how the α-attractor model emerges by modifying the Starobinsky model with inclusion of the auxiliary vector field. In Sec. IV we extend this prescription to general f (R) theories and provide the formulas of inflationary observables associated with the primordial scalar and tensor perturbations. In Sec. V we place observational bounds on the auxiliary vector modified inflationary models from the latest Planck data combined with other B-mode polarization data. Sec. VI is devoted to conclusions.
II. STAROBINSKY MODEL AND ITS DUAL DESCRIPTION
The Starobinsky model [1] is described by the action
where g is the determinant of the space-time metric g µν and L(R) is a function of R of the form
This model possesses an additional scalar degree of freedom to that in General Relativity. In order to make this manifest, we consider the following Lagrangian
It is easy to see that, upon integrating out the field ϕ, we get back to the original Starobinsky model (2.1). Varying Eq. (2.3) with respect to F , it follows that
Then, the Lagrangian (2.3) can be rewritten as
This is equivalent to the BD theory [9] with the BD parameter ω BD = 0 and the scalar potential V (ϕ) = (3/2)M 2 (ϕ − 1) 2 . In Eq. (2.5) the scalar degree of freedom ϕ is directly coupled to the Ricci scalar R. One can transform the action (2.1) with the Lagrangian (2.5) to the so-called Einstein frame under the conformal transformation g µν = Ω 2 (ϕ)g µν [11] . Denoting the quantities in the transformed frame as a tilde, we have the following
where ω ≡ ln Ω. We obtain the Einstein-frame action for the choice 8) under which the Ricci scalar R does not have a direct coupling with ϕ. Dropping the total derivative term ω in Eq. (2.7) and introducing a scalar field
the action in the Einstein frame reads
10) where
Hence the scalar degree of freedom φ, which is the gravitational origin, propagates with the kinetic energy
The potential (2.11) is sufficiently flat for φ larger than the order of M pl , in which regime inflation occurs due to the slow-roll evolution of φ.
III. AUXILIARY MODIFIED STAROBINSKY MODEL
In this section we show that, if an auxiliary vector field A µ is coupled to the Starobinsky model, one obtains the α-attractor model proposed in Ref. [22] in the context of supergravity.
We start with the Lagrangian of the form
where β is a constant. Note that the coefficient in front of the term A µ A µ has been fixed to 1. When higher derivative terms are included, A µ can pick up kinetic terms such as (∇ µ A µ ) 2 and F µν F µν , so the auxiliary vector starts to propagate. If we would like to allow kinetic terms for A µ but still wish to keep A µ as an auxiliary vector in the higher derivative extended model, then the action of the auxiliary vector modified Starobinsky model has to take the following form:
where
In order to see that this model gives rise to only one scalar degree of freedom, we perform the similar analysis to that performed in the previous section. We first write Eq. (3.2) as
Varying the Lagrangian (3.3) with respect to A µ and F , respectively, it follows that
Substituting these relations into Eq. (3.3) and dropping a total derivative term, we obtain the (Jordan-frame) Lagrangian
This theory is equivalent to the BD theory with the BD parameter
so the auxiliary vector model (3.2) possesses one scalar degree of freedom. Under the conformal transformation g µν = Ω 2 (ϕ)g µν with Ω 2 = ϕ, the action in the Einstein frame reads
8) where φ is a canonical scalar field defined by
The potential V (φ) is given by
This is equivalent to the α-attractor model studied in Ref. [22] . Setting β = 0, we recover the Starobinsky model described by the potential (2.11) in the Einstein frame.
The observational constraints on the potential (3.10) were discussed in Ref. [34] with the WMAP 7yr data and in Ref. [22] with the Planck 1yr data. In Sec. V we shall place observational bounds on the same model as well as more general models from the latest Planck temperature data combined with other data.
IV. AUXILIARY VECTOR MODIFIED f (R) THEORIES AND INFLATIONARY OBSERVABLES
The discussion in Sec. III can be extended to more general auxiliary vector modified f (R) theories. In this section we shall perform such an analysis and then provide the formulas of the primordial power spectra of scalar and tensor perturbations generated during inflation.
A. Auxiliary vector modified f (R) theories
The auxiliary vector modification to f (R) theories requires replacing R with R + A µ A µ + β∇ µ A µ . Thus the model is given by the action (3.1) with
We rewrite this Lagrangian of the following form
Varying Eq. (4.2) with respect to A µ and F , we obtain
Here and in the following, a comma in the lower index denotes the partial derivatives with respect to scalar quantities represented in the index, e.g., f ,F ≡ ∂f /∂F . The quantity F depends on ϕ through the relation (4.4). Substituting Eq. (4.3) into Eq. (4.2), it follows that
This is equivalent to the BD theory with the same BD parameter as Eq. (3.7). Compared to Eq. (3.6), the scalar potential in the Jordan frame is generalized to
Introducing the scalar field φ as Eq. (3.9) and carrying out the conformal transformation g µν = ϕ g µν , we obtain the Einstein-frame action (3.8) with the scalar potential
φ M pl . The α-attractor model, which corresponds to the potential (3.10), is a special case of a larger class of auxiliary vector modified f (R) theories. When β = 0 we have A µ = 0 from Eq. (4.3), so that the Lagrangian (4.1) recovers that of f (R) theories.
B. Inflationary observables
Let us study inflation for the theories described by the action (3.1) with the Lagrangian (4.1). We assume that
where the scale factor a(t) depends on the cosmic time t. We consider scalar and tensor metric perturbations on this background.
In the Einstein frame the action is given by Eq. (3.8) with the potential (4.6). In Refs. [35] it was shown that the inflationary observables associated with linear scalar and tensor perturbations are invariant under the conformal transformation.
The spectral index of scalar perturbations with the primordial power spectrum P s is defined by n s ≡ 1 + d ln P s /d ln k, where k is a comoving wavenumber. We also introduce the tensor-to-scalar ratio, as r ≡ P h /P s , where P h is the primordial power spectrum of tensor perturbations. Under the slow-roll approximation during inflation, these observables are given by [36] 
Defining the tensor spectral index as n t ≡ d ln P h /d ln k, the following consistency relation holds [36] 
We define the number of e-foldings N = ln[a(t f )/a(t)] in the Jordan frame, where a(t) and a(t f ) are the scale factors at the moments t and t f respectively. The lower index "f " represents the values at the end of inflation. We identify the field value φ f by the condition ǫ(φ f ) = 1.
The number of e-foldings is a frame-independent quantity by properly choosing the observer's reference frame [37] . On using the relations a = Ωa and dt = Ωdt [11, 12] 
The number of e-foldings associated with the CMB temperature anisotropies corresponds to 50 N 60 [36] . On using Eq. (4.12), the inflationary observables (4.8) and (4.9) can be known as functions of N .
V. OBSERVATIONAL CONSTRAINTS FROM THE LATEST CMB DATA
We put observational constraints on several different inflationary models that belong to the class of auxiliary vector modified f (R) theories.
We employ the bounds in the (n s , r) plane derived by the latest Planck CMB temperature data (TemperatureTemperature (TT), Temperature-E-mode (TE), E-mode-E-mode (EE) correlation power spectra) and a first release of the B-mode polarization data [16] . The Planck mission also performed the joint analysis by taking into account the B-mode maps from BICEP2 and Keck Array with the Planck maps (BKP) at higher frequencies where the emission of dust dominates [17] . This study showed that there is no statistical significant evidence for the detection of primordial gravitational waves. Still, the latest BKP analysis put tighter upper bounds on the tensor-to-scalar ratio r than those derived by the Planck data alone [18] .
The likelihood analysis of the Planck mission is based on expansions of the scalar and power spectra of the forms
nt+(αt/2) ln(k/k * )+··· , respectively, where α s,t = dn s,t /d ln k are the runnings of the spectral indices and k * is the pivot wavenumber. Since there is no significant evidence for the large deviation of α s,t from 0, the standard slow-roll prediction of inflationary observables is consistent with the CMB data.
In Fig. 1 we show the 68 % CL and 95 % CL observational contours in the (n s , r) plane derived by the latest Planck temperature data as well as the BKP and Baryon Acoustic Oscillations (BAO) data. From the Planck TT, TE, EE and low-multipole temperature polarization data (denoted as "lowP"), the tensor-to-scalar ratio r is constrained to be r < 0.15 (95 % CL) [18] . Combination of the BKP cross-correlation with the Planck TT+lowP data gives a tighter bound r < 0.08 (95 % CL). Inclusion of the BAO data leads to the shift of n s toward larger values (as in the figure 1 of Ref. [33] ). In the following we shall place observational constraints on concrete auxiliary vector modified f (R) models.
A. Auxiliary vector modified Starobinsky model
Let us begin with the model (3.2), i.e., (4.9) reduce to
The number of e-foldings (4.12) reads
where x f = (2 √ 3α − 3α)/(4 − 3α). When the parameter α = 1 + β 2 /6 is of the order of 1, the inflationary epoch corresponds to the regime in which φ is larger than M pl , i.e., x ≪ 1. Since N ≃ 3α/(4x) in this case, it follows that
From the Planck normalization P s ≃ 2.2 × 10 −9 [16] , the mass scale M is constrained to be
In the presence of the coupling β, both M and r are larger than those in the the Starobinsky f (R) model (α = 1).
In the limit that α ≫ 1, inflation occurs in the region around x = 1, so the potential (3.10) reduces to V (φ) ≃ M 2 φ 2 /(2α). This means that, for increasing β, the observables (5.3) and (5.4) approach the values of the quadratic potential, i.e., n s ≃ 1 − 2/N and r ≃ 8/N . Since the scalar power spectrum is given by
In this regime the mass scale M is higher than that for α = O(1).
In Fig. 1 we plot the theoretical curves in the (n s , r) plane as functions of β (ranging 0 ≤ β ≤ 10 6 ) for N = 50 and 60. The quadratic potential is outside the 95 % CL observational contours. For N = 60 the joint data analysis of Planck TT+lowP+BKP+BAO gives the following bounds
For N = 50 the Starobinsky model (β = 0) is outside the 68 % CL region (mainly due to inclusion of the BAO data), but it is still inside the 68% CL contour constrained by Planck TT, TE, EE+lowP.
B. Power-law model
We proceed to the power-law model given by
where m and n are positive constants. Since F n−1 = ϕ/(nm 2(1−n) ) from Eq. (4.4), the Einstein-frame potential (4.6) reduces to
(5.12) The positivity of the potential requires the condition n > 1. The power-law inflation (a ∝ t p with p > 1) [38] can be realized for 3α > [(n − 2)/(n − 1)]
2 . In this case we have
14)
The Harrison-Zeldovich spectrum corresponds to the limit n → 2 or α → ∞. . These curves are plotted as as functions of the power n (> 1). The theoretical prediction for the n = 2 case is shown as a thin dotted curve. For smaller n, the tensor-to-scalar ratio gets larger. The 68 % CL and 95 % CL observational contours are the same as those plotted in Fig. 1 .
The theoretical values of n s and r are on the line (5.14) in the (n s , r) plane. This line is outside the 95 % CL regions shown in Fig. 1 , so the power-law model (5.11) is disfavored from the data.
C. Generalization of the auxiliary vector modified Starobinsky model
Finally we study the following model
where m and n ( = 2) are positive constants. In this case the potential in the Einstein frame is given by
(5.16) Since we consider inflation in the regime φ > 0, the positivity of the potential requires that n > 1.
For given n and β, we numerically compute the field value φ f at the end of inflation according to the condition ǫ(φ f ) = 1. From Eq. (4.12) we identify the field value φ corresponding to N = 60 and then evaluate the observables (4.8) and (4.9) .
Let us first discuss the case β = 0. Since inflation occurs in the regime where φ is bigger than M pl , the large deviation of the power n from 2 spoils the flatness of the potential. In Fig. 2 we plot the theoretical curve in the (n s , r) plane for N = 60 as a function of n. The Starobinsky model (n = 2) is shown as a black circle. For smaller n the tensor-to-scalar ratio gets larger, whereas the scalar spectral index reaches a maximum value n s = 0.991 around n = 1.92 and then turns into decrease. When n > 2, the inflationary observables are particularly sensitive to the deviation from n = 2 because of the appearance of the potential maximum in the Einstein frame. From the Planck TT+lowP+BKP+BAO joint analysis we obtain the following bound 1.980 < n < 2.015 (β = 0) , (5.17) at 95 % CL. Hence only the tiny deviation from n = 2 is allowed for the consistency with the CMB data 1 . The mass scale m constrained by the Planck normalization is similar to that given in Eq. (5.7), with the correspondence m = √ 6M and α = 1. In Fig. 2 we also plot the theoretical curve for β = 10 as a function of n. The qualitative behavior of n s and r with respect to the change of n is similar to that for β = 0. The Planck TT+lowP+BKP+BAO joint analysis gives the bound 1.75 < n < 2.39 (β = 10) , (5.18) at 95 % CL. The wider range of n is allowed relative to the case β = 0. This reflects the fact that, for larger β, inflation can occur in the regime where the quantity x = e − √ 2/(3α)φ/M pl is not very much smaller than 1. When β = 10, for example, the order of x satisfying the bound (5.18) is typically 0.1 at N = 60, whereas, for β = 0, x is of the order of 0.01 for n ranging in Eq. (5.17).
In the limit β → ∞ the epoch of inflation corresponds to the regime x ≃ 1 and hence the potential (5.16) can be approximated as
This is equivalent to chaotic inflation with the power-law potential V (φ) ∝ φ p , so the inflationary observables are estimated as
In the limits n → 1 and n → ∞ we have p → ∞ and p → 1, respectively. On using the relation φ/M pl ≃ (2pN ) 1/2 , the Planck normalization constrains the mass scale m, as
In Fig. 2 we plot the theoretical curve for β = 10 Provided that n > 3.5, the models are inside the 95 % CL region constrained by the Planck TT+lowP+BKP+BAO data. However, even the linear potential V (φ) ∝ φ (i.e., n → ∞) is marginally inside the 95 % CL contour, so the models with β ≫ 1 are not generally favored from the CMB data.
VI. CONCLUSIONS
In this paper we showed that the auxiliary vector modification to the Starobinsky model derived by replacing R with R + A µ A µ + β∇ µ A µ gives rise to the universal α-attractor model proposed in the context of supergravity. Applying the same prescription to general f (R) theories, the resulting action is equivalent to that of BD theories with the BD parameter ω BD = β 2 /4. Under the conformal transformation to the Einstein frame, it is clear that one scalar degree of freedom (a canonical field φ) propagates along the scalar potential.
For the potential with a sufficiently flat region the scalar degree of freedom φ not only leads to inflation at the background level, but also the field perturbation δφ can be the source for primordial density perturbations relevant to the CMB temperature anisotropies. Using the invariance of scalar/tensor perturbations under the conformal transformation, the inflationary observables in auxiliary vector modified f (R) theories are simply given by Eqs. (4.7)-(4.9) with the number of e-foldings (4.12) .
In light of the recent release of the Planck temperature and polarization data, we placed observational constraints on inflationary models in the framework of auxiliary vector modified f (R) theories. We studied three different models: (i) f (F ) = F + F 2 /(6M 2 ), (ii) f (F ) = m 2(1−n) F n , and (iii) f (F ) = F + m 2(1−n) F n (n = 2), where F = R + A µ A µ + β∇ µ A µ . The model (i) is equivalent to the α-attractor model with the correspondence α = 1 + β 2 /6, which recovers the Starobinsky model for β = 0. From the joint data analysis of Planck TT+lowP+BKP+BAO the parameter β is constrained to be β < 25 (68 % CL) for N = 60 (see Fig. 1 ). The model (ii) gives rise to the exponential potential in the Einstein frame, in which case the theoretical line in the (n s , r) plane is outside the 95 % CL observational contours.
For the model (iii) with β = 0, the power n is constrained to be in the narrow range around n = 2, i.e., 1.980 < n < 2.015 (95 % CL) from the Planck TT+lowP+BKP+BAO data. With increasing β, the allowed region of n tends to be wider because inflation occurs for x = e − √ 2/(3α)φ/M pl not very much smaller than 1. In the limit β → ∞ the theoretical values of n s and r are the same as those in chaotic inflation with the potential V (φ) ∝ φ n/(n−1) , in which case the model is marginally inside the 95 % CL observational contour for n > 3.5.
The future possible detection of primordial gravitational waves will be able to clarify whether or not the Starobinsky model and the auxiliary vector modified f (R) models are observationally favored. We hope that we can approach the origin of inflation in the foreseeable future.
